The laminar-turbulent transition of hypersonic boundary layers has a significant effect on drag calculation and aerothermal analysis of hypersonic vehicles. Surface roughness has been shown to have profound effects on boundary layer transition. Recent research has shown that one possible explanation to roughness induced bypass transition is the transient growth theory. However, there has been very few direct numerical simulation studies on transient growth in hypersonic boundary layers. This paper presents some results in on-going numerical simulation study on the transient growth of a Mach 5.92 flat-plate boundary layer to small three-dimensional surface roughness. The main objective is to study the effects of nonparallel flow and spanwise wave on transient growth. The freestream flow conditions are the same as those used in our previous study [1] . The responses of the boundary layer to surface roughness are computed by solving three-dimensional Navier-Stokes equations with a fifth-order shockfitting method and a Fourier collocation method. The numerical results show that no transient growth is observed when surface roughness is located in parallel flow region, which indirectly demonstrates that nonparallel flow effects enhance transient growth. It is also shown that surface roughness with a smaller spanwise wave number is more efficient in inducing disturbances with respect to energy norm.
Introduction
The laminar-turbulent transition of the boundary-layer flows has a significant effect on drag calculation and aerothermal design of hypersonic vehicles, because a turbulent boundary layer generates much higher shear stress and heat flux to the wall surface than a laminar one. In order to predict and control boundary-layer transition, extensive studies have been carried out to investigate transition mechanisms. Recent research has shown that one possible explanation to roughness induced bypass transition is the transient growth theory [2, 3] . Transient growth arises through the non-orthogonal nature of the Orr-Sommerfeld eigenfunctions and the Squire eigenfunctions. Weak transient growth provides a higher initial amplitude for modal growth whereas strong transient growth can lead to secondary instabilities and breakdown to turbulence right after the receptivity process.
After decades of research, surface roughness has been shown to have profound effects on boundary layer transition. By solving the nonlinear parabolized stability equations (PSE), Bertolotti [4] studied the response of vortices over a plate to surface roughness and wall blowing-suction for an incompressible flow, where the initial vortices were also generated by surface roughness or wall blowing-suction. The results on a flat plate showed that the vortex decayed as 1/x when flowing over streamwise aligned surface roughness, and grew as √ x when flowing over a corresponding streamwise aligned variation of wall blowing-suction. The growth of vorticity could be much larger with the presence of surface roughness or wall blowing-suction with both streamwise and spanwise periodicity. On a concave plate, the vortex develops into a Görtler vortex. Choudhari [5] studied the roughness-induced stationary and nonstationary vortices in three-dimensional, incompressible boundary layers over a sweep wing, where nonstationary vortices were induced with the presence of freestream acoustic disturbances. The effects of acoustic-wave orientation and different types of roughness geometries were considered. It was found that maximum receptivity occurred when the velocity fluctuation of acoustic disturbance was aligned with the wave-number vector of nonstationary vortex mode. Gaster et al. [6] measured the velocity disturbance in a flat plate boundary layer induced by a three-dimensional shallow bump oscillating at a frequency of 2 Hz. It was observed that the intensity of velocity disturbance reached its maximum near η = 2 at a location about 100 boundary-layer thickness downstream of the bump. They also noticed a small secondary peak in the spanwise spectrum near the bump. Bakchinov et al. [7] studied the stability of an incompressible boundary layer over a flat plate. The experiments were carried out in a low speed wind tunnel. Inside the boundary layer, roughness elements were arranged in spanwise direction to generate stationary streamvise vortices. Small amplitude travelling waves were introduced to the boundary layer on top of the steady vortices. According to their results, the maximum amplification of wave amplitude was found at a wall-normal position where the mean streamwise velocity was equal to wave phase velocity. Joslin and Grosch [8] computed the disturbance velocity field downstream of a shallow bump in a laminar boundary layer by direct numerical simulation of incompressible Navier-Stokes equations. The flow conditions in their simulation was the same as the experimental parameters of Gaster et al. [6] . According to the simulation results, modal growth and decay trends of velocity disturbance were consistent with Gaster et al.'s experimental measurements.
Hanifi et al. [9] investigated transient growth phenomena of boundary-layer flows with a series of Mach numbers from 0.1 to 4.5 using spectral collocation method. They found that maximum transient growth increased with Mach number and could be scaled with the square of local Reynolds number. Andersson et al. [10] numerically calculated the maximum transient growth for steady disturbances and concluded that optimal disturbances consisted of streamwise vortices. They also found that maximum transient growth scaled linearly with the distance from the leading edge. Bottaro and Zebib [11] numerically investigated the formation and growth of spatial Görtler vortices induced by wall roughness. In all naturally developing cases, the average spanwise wavelengths of vortices were close to those of optimal disturbances predicted by LST. Collis and Lele [12] numerically investigated the formation of stationary crossflow vortices in a three-dimensional boundary layer due to surface roughness near the leading edge of a swept wing. The results showed that convex surface curvature enhanced receptivity while non-parallel effects strongly reduced the initial amplitude of stationary crossflow vortices. Reshotko [13] investigated the spatial transient growth by examining examples including Poiseuille flow, hypersonic blunt body paradox, and distributed roughness effects. It was demonstrated that transient growth arised through the coupling between slightly damped, highly oblique T-S and Squire modes. Transient growth thoery offered an explanation for bypass transition, especially for roughness-induced transition.
Tumin and Reshotko [14] proposed a spatial theory for the linear transient growth in a parallel boundary layer. Based on the fact that the spatial development of disturbances downstream of a source could be presented as a sum of decaying eigenmodes and T-S like instability waves, they evaluated the optimal transient growth by applying a standard optimization procedure. The results indicated that the optimal disturbances for transient growth was stationary streamwise vortices. Later, Tumin and Reshotko [15] evaluated optimal disturbances in compressible boundary layers including the nonparallel flow effects. Similarly, the optimal disturbances corresponded to steady counter-rotating streamwise vortices. It was also shown that there was an optimal spacing of the streamwise vortices and an optimal location for their excitation. In order to evaluate the optimal-disturbance theories, White [16] investigated the transient growth of a flat plate boundary layer to spanwise roughness array. The results showed quantitative differences between experimental measurements and theoretical predictions, which did indicate that realistic stationary disturbances could exhibit significant nonoptimal behavior. White and Ergin [17] further studied the receptivity and transient growth of a Blasius boundary layer to roughness-induced disturbances, where the initial disturbances were generated by a spanwise array of roughness elements. In experiments, detailed information on the disturbances and the transient growth was measured using hotwire instruments. The results indicated that energy associated with the roughness-induced disturbances could be scaled with the roughness-based Reynolds number for values as high as 119. Fransson et al. [18] experimentally and theoretically investigated the transient growth of stationary streamwise streaks in a flat plate boundary layer. The stable laminar streaks was periodic in spanwise direction and was generated by a spanwise periodic array of small cylindrical roughness elements. The results showed that the maximum transient growth was mainly determined by the height of roughness elements.
White et al. [19] investigated the effects of the amplitude and diameter of cylindrical roughness elements on transient growth features. Their experimental results showed that energy of stationary disturbances varied as Re 2 k , the square of roughness-based Reynolds number, and the qualitative nature of transient growth strongly depended on the roughness diameter. Choudhari and Fischer [20, 21] examined the roughness-induced transient growth in a laminar boundary layer due to a spanwise periodic array of circular disks at the surface. The effects of roughness height, size, and shape on the transient growth were also explored. Their numerical simulation results indicated that energy levels of the dominant stationary disturbances were consistent with the Re 2 k scaling of White et al. [19] . Spontaneous vortex shedding behind the roughness array was identified for sufficiently large roughness heights. Tumin [22] solved the receptivity problem of compressible boundary layers to three-dimensional 2 American Institute of Aeronautics and Astronautics wall perturbations by using a biorthogonal eigenfunction system. In case of receptivity to roughness elements, a small height hump was considered. The results showed that there were counter rotating streamwise vortices, streaks at both sides of the hump, and a wake region downstream from the hump. In supersonic boundary layers, there existed large amplitude perturbations near the Mach waves generated by roughness elements. Recently, Downs III et al. [23] experimentally studied transient disturbances generated by random distributed roughness. Three test configurations were considered corresponding to roughness-based Reynolds numbers of 164, 227, and 301. All three configurations exhibited transient growth but transition was observed in the configuration of highest surface roughness. Tumin [24] studied the nonparallel flow effects on roughness-induced disturbances in a subsonic flat-plate boundary layer. It was found that nonparallel flow effects lead to lower velocity and higher temperature in the wake.
According to the brief review of previous researches, there has been very few direct numerical simulation (DNS) studies on transient growth in hypersonic boundary layers. In a previous DNS study, we [1] studied the receptivity of a Mach 5.92 flow over a flat plate to three-dimensional surface roughness and the effect of spanwise wave number on the receptivity. The results showed that counter rotating streamwise vortices and transient growth are induced by surface roughness. However, transient growth was generally weak. In this paper, the transient growth of a Mach 5.92 flat-plate boundary layer to small three-dimensional surface roughness is further studied, mainly focusing on the effects of nonparallel flow and spanwise wave number on transient growth. Two-dimensional steady flow over the flat plate is firstly achieved by solving compressible Navier-Stokes equations with a combination of a fifth-order shock-fitting method and a second-order TVD scheme. The three-dimensional steady flow is directly extended from two-dimensional base flow due to the fact that the base flow over the flat plate is independent of spanwise coordinate. The subsequent responses of the hypersonic boundary layer to small surface roughness are simulated by solving three-dimensional Navier-Stokes equations with a fifth-order shock-fitting method and a Fourier collocation method.
Governing Equations and Numerical Methods
In current studies, a Mach 5.92 flow over a flat plate as shown in Fig. 1 is considered. The flow is assumed to be thermally and calorically perfect. The governing equations are the full Navier-Stokes equations in the conservative form, i.e.,
where the superscript " * " represents the dimensional variables. U * is a vector containing the conservative variables of mass, momentum, and energy, i.e.,
The flux vector in Eq. (1) is divided into its inviscid and viscous components, because the two components are discretized with different schemes. The components, F * 1i , F * 2i , F * 3i , are inviscid flux vectors whereas F * 1v , F * 2v , and F * 3v are viscous flux vectors. The flux vectors can be expressed as
with j ∈ {1, 2, 3}. In Eq. (3), δ ij (i = 1, 2, 3) is the Kronecker Delta function. In the perfect gas assumption, pressure and energy are given by
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with i, j ∈ {1, 2, 3}. In the simulation, the viscosity coefficient, µ * , and the heat conductivity coefficient, k * , are calculated using the Sutherland's law together with a constant Prandtl number, P r. They are both functions of temperature only.
where µ * , are velocities in streamwise, wall-normal, and spanwise directions. The high-order shock-fitting finite difference method of Zhong [25] is used to solve the governing equations in a domain bounded by the bow shock and the flat plate. In orther words, the bow shock is treated as a boundary of the computational domain. The Rankine-Hugoniot relation across the shock and a characteristic compatibility relation coming from downstream flow field are combined to solve the flow variables behind the shock. The shock-fitting method makes it possible for the Navier-Stokes equations to be spatially discretized by high-order finite difference methods. Specifically, a fifth-order upwind scheme is used to discretize the inviscid flux derivatives. Meanwhile, a sixth-order central scheme is used to discretize the viscous flux derivatives. For three-dimensional simulations, flux derivatives of F * 3i and F * 3v in spanwise direction are calculated by Fourier collocation method to achieve high accuracy. By using the shock-fitting method, the interaction between the bow shock and perturbations induced by wall disturbances is solved as a part of solutions with the position and velocity of the shock front being taken as dependent flow variables. Temporal integration of the governing equations is obtained using Runge-Kutta method. One can find more details of the numerical methods in our previous paper [1] .
Flow Conditions and Linear Boundary Condition Transfer
Freestream conditions of the currently studied flow are as follows,
The dimensional coordinate, x * as shown in Fig. 1 , can be converted to local Reynolds number by
where Re * ∞ is the unit Reynolds number defined as
In LST studies of boundary-layer flows, the Reynolds number based on Blasius boundary-layer thickness, L * , is generally used. They are expressed as 12) In smooth region, the wall is adiabatic, and the physical boundary condition of velocity on the flat plate is the no-slip condition. When small surface roughness is introduced on the flat plate, boundary conditions of temperature and velocities on the rough surface are transferred to original smooth surface by linear extrapolation due to small height of roughness element. Figure 2 schematically shows the linear boundary condition transfer of streamwise velocity, where the blue arrows stand for the streamwise velocity boundary conditions for points A and B on original smooth surface. Inlet conditions are specified, while high-order extrapolation is used for outlet conditions because the flow is hypersonic at the exit boundary except a small region near the flat plate.
Due to the existence of small roughness, the wall surface changes from y * = 0 to y * = ǫh * (x * , z * ), where y * = 0 stands for original smooth surface. The function,h * (x * , z * ), represents the profile of roughness elements. The parameter, ǫ, is used to adjust the height. The physical no-slip conditions of velocity on the rough surface are
Under the assumption of small-height roughness elements, boundary conditions on the rough wall can be transferred to original smooth surface by linear extrapolation, i.e.,
The adiabatic temperature condition used on rough surface is expressed as
Similarly, the temperature condition can be transferred to original smooth surface as follows:
In Eqs. (14) and (16), all derivatives on the right-hand-side of equations are calculated from the steady flow over smooth flat plate. For the roughness elements considered in current paper, the function ofh
where β * is the spanwise wave number. The functionh * (l) and the variable l are defined as h * (l) = (20.25l 
where x * i and x * e are the coordinates of the leading and trailing edges of the roughness elements in streamwise direction. The constant, 2.45688, is the value ofh * (l) at l = 0.620287, which is used to normalize the profile function. Figure 3 shows the profile functionh * (l) and the variable l of the roughness element in streamwise direction. It is clearly shown that bothh * (l) and l are symmetric within the roughness region. And the height of surface roughness reaches its maximum at the center.
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Results and Discussions
Two-dimensional steady flow over the flat plate is firstly simulated by solving the two-dimensional compressible Navier-Stokes equations with a combination of a fifth-order shock-fitting finite difference method and a second-order TVD scheme. The three-dimensional steady flow is directly extended from two-dimensional one due to the fact that the steady flow on the flat plate is independent of spanwise coordinate. Since we already have two-dimensional steady flow, such treatment is much more efficient than directly solving 3-D Navier-Stokes equations with uniform initial conditions.
In the leading edge region, there exists a singular point at the tip of the flat plate, which will introduce numerical instability if the fifth-order shock-fitting method is used to simulate the flow. Therefore, a second-order TVD scheme used by Zhong and Lee [26] is applied to simulate the steady base flow in a small region including the leading edge. The computational domain for the fifth-order shock-fitting method starts at x * = 0.0025 m and ends at x * = 0.879 m, corresponding to R = 180.28 and R = 3380.38, respectively. The computational domain for the second-order TVD scheme starts at x * = −0.0005 m and ends at x * = 0.0035 m. Three sets of grid structures are used to check the grid independence of the numerical results. Figure 4 compares the density distributions in wall-normal direction. In this figure, the density distributions are evaluated at x * = 0.0025 m, the initial location of the first zone. It shows that density distribution on 201 × 176 mesh agrees well with that on 241 × 181 mesh whereas it has significant discrepancies with that on 161 × 101 mesh. This figure indicates that the grid structure of 201 × 176 is fine enough to ensure the grid independence of numerical results. However, the grid structure of 161 × 101 is too coarse to achieve spatially converged numerical results.
Figures 5(a) and 5(b) shows pressure contours of steady base flow computed by the fifth-order shock-fitting method. In Fig. 5(a) , the upper boundary of flow field represents bow shock induced by displacement thickness of the boundary layer. The lower boundary is the flat plate. A part of pressure contours from x * = 0.33 m to x * = 0.36 m (R = 2071.23 to R = 2163.33) is amplified in Fig. 5 (b) to show clearly pressure distributions within the boundary layer. It is noticed that pressure is approximately a constant across the boundary layer and along the Mach lines, which is consistent with boundary layer theory and inviscid supersonic aerodynamics. At a fixed location (constant x * ), pressure behind the shock is higher than that on flat plate due to the existence of bow shock. Figure 6 shows bow shock position and distribution of Mach number behind the shock. In this figure, a straight line tangential to shock near the leading edge is plotted helping to illustrate that the shock is not a straight line. Decrease of shock angle from upstream to downstream indicates that the shock becomes weaker downstream. The dramatic increase of Mach number near the leading edge is also due to interaction between viscous boundary layer and inviscid outer flow. After x * = 33 mm (R = 654.98), intensity of viscous-inviscid interaction decreases quickly with blow shock moving away from the boundary layer. Mach number behind the shock approaches a constant downstream. The increase of Mach number also indicates that bow shock becomes weaker from upstream to downstream. The accuracy of the steady base flow has been validated by comparisons with Maslov et al.'s experimental measurements [27] and the self-similar boundary-layer solution. One can refer to our previous papers for the detailed results on the steady flow [1, 28] . In compressible boundary layer, a specific energy norm is defined to measure the strength of transient growth [9, 14] , which is defined as
where the perturbation amplitude vector, q, and the diagonal matrix, M, are expressed as
In current paper, the same energy norm is evaluated. The integral in Eq. (20) is numerical calculated across the boundary layer using a mid-point rule. According to the model of surface roughness, boundary conditions of temperature and velocities on rough surface are linearly transferred to original smooth surface using Eqs. (14) and (16) . In order to keep valid the linear 6 American Institute of Aeronautics and Astronautics extrapolation of boundary conditions, the height of surface roughness is fixed at ǫ = 1.0 × 10 −5 m, which has been proved to be small enough [1] . The location of roughness element is defined by x * i and x * e at z * = 0 plane as
Compared with the roughness elements considered in our previous study [1] , roughness elements considered here is far downstream of the leading edge, where the flow is parallel as has been demonstrated by Maslov et al. [27] .
Nonparallel flow effects
In current paper, surface roughness is located downstream where the flow is parallel. Whereas in our previous study [1] , roughness element is very close to the leading edge, nonparallel flow effects are important there. To study the nonparallel flow effects, we try to compare results in current paper to those in our previous one. Therefore, two test cases of surface roughness with different spanwise wave number are considered in this section:
where the wave number is nondimensionalized by the scale of boundary-layer thickness at the center of roughness (x * = 0.1565 m). These two spanwise wave number had been tested in our previous study. Here, surface roughness is parallel to the leading edge of the flat plate, as shown in Fig. 1 . Figure 7 shows the boundary conditions used in the roughness region at z * = 0 plane in case 1. It shows that, outside the roughness region, velocity disturbances are zero whereas temperature disturbance is nonzero due to the adiabatic condition. It is also noticed that wall-normal velocity disturbance is close to zero (order of 10 −9 ), which indicates that flow is parallel at this location. Similar results is obtained in case 2. Figure 8 compares the energy norm along the flat plate in case 1 with the counterpart calculated in our previous paper [1] . The figure shows that roughness element located upstream is more efficient in exciting disturbances. However, no transient growth is observed downstream of the roughness in this figure. To check transient growth, the two energy norms downstream of the roughness are replotted in a smaller range, as shown in Figs. 9 and 10 , respectively. Figure 9 shows weak transient growth around x * = 0.04 m. However, energy norm in Fig. 10 keeps decreasing in the computational domain, no transient growth is observed. It seems that nonparallel flow effects enhance transient growth. Figure 11 compares the energy norm along the flat plate in case 2 with the counterpart calculated in our previous paper [1] . Similarly, the figure shows that roughness element located upstream is more efficient in exciting disturbances. For the upstream surface roughness, transient growth of the disturbances is clearly shown. However, no transient growth is observed in current computation domain of case 2. The energy norm keeps decreasing downstream of the roughness. Figures 8 and 11 indirectly demonstrate that nonparallel flow effects enhance transient growth. In order to inducing strong transient growth, surface roughness should be aligned near the leading edge of the flat plate.
Effect of spanwise wave number
Spanwsie wave number of the surface roughness has a critical effect on transient growth. In this section, six cases of numerical simulations are carried out for surface roughness with different spanwise wave numbers. The spanwise wave number is tabulated in Table 1 , together with the corresponding computational domain in which the numerical simulation has completed. In this table, all spanwise wave number are nondimensionalized by the scale of boundary-layer thickness at the center of roughness (x * = 0.1565 m). Figure 12 compares the vector of w′ and v′ perturbations in the (y * , z * ) plane for the six cases of numerical simulations at x * = 0.1458 m (R = 1435.08), a location right after the surface roughness. In this figure, the labels (a) to (f) represent the numerical simulation results of cases 1 to 6. These figures qualitatively show that counter-rotating streamwise vortices are induced by surface roughness. With the spanwise wave number decreasing or spanwise wave length increasing from Fig. 12(a) to Fig. 12(f) , the vortices are moving towards the wall, and spanwise velocity component, w′, is decreasing. Figure 13 compares the vorticity distribution in streamwise direction at z * = 0 plane in cases 1 to 6. It shows that, from cases 1 to 4, surface roughness with a smaller spanwise wave number is more efficient in generating streamwise vorticity. However, this trend is inversed for case 5 and 6. These results come from the combination effect of the vortex movement towards the wall and the decrease of spanwise velocity component. With the vortex 7 American Institute of Aeronautics and Astronautics moves near the wall, larger vorticity will be induced on the wall and in the boundary layer. On the other hand, with the spanwise velocity component decreasing, the steamwise vortices weaken, leading to a smaller vorticity on the wall and in the boundary layer. Figure 14 compares the energy norm distribution along the flat plate near surface roughness in cases 1 to 6. It shows that surface roughness with a smaller spanwise wave number is more efficient in inducing disturbances with respect to energy norm. Figure 15 compares the energy norm distribution along the flat plate downstream of the surface roughness in cases 1 to 6. It is clearly shown that no transient growth is observed in all six cases of simulations. Compared with the results of our previous research as shown in Fig. 16 , one can conclude that surface roughness considered in current paper is far less efficient in inducing transient growth. Again, such results indirectly demonstrate that nonparallel flow effects enhances transient growth.
Summary
Recent research has shown that one possible explanation to roughness induced bypass transition is the transient growth theory. However, there has been very few direct numerical simulation studies on transient growth in hypersonic boundary layers. In this paper, the transient growth of a Mach 5.92 flat-plate boundary layer to small three-dimensional surface roughness is further studied, mainly focusing on the effects of non-parallel flow and spanwise wave number on transient growth. Two-dimensional steady flow over the flat plate is firstly achieved by solving compressible Navier-Stokes equations with a combination of a fifth-order shock-fitting method and a second-order TVD scheme. The three-dimensional steady flow is directly extended from two-dimensional base flow due to the fact that the base flow over the flat plate is independent of spanwise coordinate. The subsequent responses of the hypersonic boundary layer to small surface roughness are simulated by solving three-dimensional Navier-Stokes equations with a fifth-order shock-fitting method and a Fourier collocation method.
The numerical results show that no transient growth is observed when surface roughness is located in parallel flow region, which indirectly demonstrates that nonparallel flow effects enhance transient growth. It is also shown that surface roughness with a smaller spanwise wave number is more efficient in inducing disturbances with respect to energy norm. Further studies are needed to study the effects nonparallel flow and spanwise wave number in a longer computational domains. Figure 16 : Energy norm distributions along the flat plate downstream of the roughness element [1] .
